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1. INTRODUCTION
Operator spaces are ‘‘quantized’’ or ‘‘noncommutative’’ Banach spaces
and many problems in operator space theory are motivated by ‘‘classical’’
Banach space theory. We are interested here in the operator space analogue
of Dor’s theorem. Dor [D] proved that if there is an almost isometric
embedding of a1 into L1(0, 1), then we can find an isometric embedding
which is close to the given one. From this and a direct limit argument, he
then proved that if T is an isomorphism from L1(n) into L1(m) with
||T|| ||T−1||=l <`2 , then there is a projection P of L1(m) onto the range
of T with ||P|| [ (2l−2−1)−1. Alspach and Johnson [AJ] generalized this
by replacing L1(n) with an L1, 1+e-space for small e > 0. Arazy further gen-
eralized this by replacing L1(m) with a noncommutative L1-space. In this
article, we will show the following operator space analogue of Dor’s
theorem.
Theorem 1. There are a constant d0 > 0 and a function h: (0, d0)Q R+
with limdQ 0 h(d)=0 satisfying the following property. Let M and N be von
Neumann algebras with N finite dimensional. Let 0 < d < d0 and let h be an
isomorphism from Ng into Mg with ||h||cb ||h−1||cb [ 1+d. Then, there is a
projection p from Mg onto h(Ng) with ||p||cb [ 1+h(d).
The condition ||h||cb ||h−1||cb [ 1+d in the above statement is equivalent to
||hn || ||h
−1
n || [ 1+d for all n, where hn=idSn1 é h:Mn(N)g QMn(M)g (cf.
Lemma 4).
We must admit that our result does not contain the above mentioned
theorems because it is not a priori obvious whether a given almost iso-
metric embedding of L1(n) into L1(m) is almost completely isometric (but
actually it is because of Dor’s theorem). The author does not know how to
prove that an almost isometric embedding is automatically almost com-
pletely isometric without using Dor’s theorem. Indeed, once we know that
the embedding is almost completely isometric, it is fairly easy to get Dor’s
and Arazy’s results. Also, the author could not get any kind of perturba-
tion results analogous to Dor’s.
We recall the notion ofLp-spaces (1 [ p [.) introduced by Lindenstrauss
and Pełczyn´ski [LP]. A Banach space V is called an Lp, l-space if for every
finite dimensional subspace E … V, there are n ¥N and an isomorphism T
from anp into V such that E … T(anp) and ||T|| ||T−1|| < l. A Banach space is
called an Lp, 1+-space if it is an Lp, 1+e-space for every e > 0. These notion
are a natural generalization of L1(m)-spaces as an Lp, 1-space (1 [ p <.) is
isometrically isomorphic to some Lp(m)-spaces [LP]. These spaces indeed
behave nicely as it was proved in [LR]. This led us to study the operator
space analogue of Lp-spaces (1 [ p [.) which was introduced by Effros
and Ruan [ER1]. An operator space V is called an OLp, l-space if for every
finite dimensional subspace E … V, there are a finite dimensional von
Neumann algebra N and an isomorphism T from Lp(N) into V such that
E … T(Lp(N)) and ||T||cb ||T−1||cb < l. Here, Lp(N) is the noncommutative
Lp-space associated to N with the natural operator space structure. Consult
[Pi1] for the operator space treatment of noncommutative Lp-spaces. An
operator space is called an OLp, 1+-space if it is an OLp, 1+e-space for every
e > 0. Effros and Ruan [ER1] proved that the preduals of injective von
Neumann algebras are OL1, 1+-spaces. More recently, Ng and the author
[NO] proved that the converse is also true for separable operator spaces.
Following Alspach and Johnson [AJ], we generalize Theorem 1.
Corollary 2. There are a constant d1 > 0 and a function h1: (0, d0)Q R+
with limdQ 0 h1(d)=0 satisfying the following property. Let M be a von
Neumann algebra and let V be an OL1, 1+d subspace of Mg with 0 < d < d1.
Then, there is a projection p from Mg onto V with ||p||cb [ 1+h1(d).
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2. PRELIMINARIES
We collect here several facts and preliminary lemmas. Consult [BP],
[ER2], [Pi2] for basic facts in operator space theory. Let Rn (resp. Cn) be
the n-dimensional row (resp. column) Hilbert space and let {rj}
n
1 (resp.
{ci}
n
1) be its standard basis. The operator space structures on Rn and Cn are
uniquely determined by equations
> Cn
j=1
xj é rj >
B(H) émin Rn
=> Cn
j=1
xjx
g
j
>1/2
B(H)
and
> Cn
i=1
xi é ci >
B(H) émin Cn
=> Cn
i=1
xgi xi >1/2
B(H)
for any operators x1, ..., xn on a Hilbert space H. If f is a map from Rn
into an operator space V, then we have
||f||cb=>C f(rj) é cj >
V émin Cn
and if moreover V=Rn, then we have ||f||cb=||f||. Let {uij: 1 [ i, j [ n} be
the matrix units for the n by n full matrix algebra Mn. Then, {u1j}
n
1 (resp.
{ui1}
n
1) is completely isometrically isomorphic to {rj}
n
1 (resp. {ci}
n
1). We
denote by PR (resp. PC) the completely contractive projection ofMn defined
by PR(uij)=d1, iu1j (resp. PC(uij)=d1, jui1).
We now give the decisive tool for our argument. The proof of this lemma
was inspired from a conversation with Gilles Pisier.
Lemma 3. Let f:Mn QMn be a complete contraction and suppose that
||PRfPR−PR || < e and ||PCfPC−PC || < e
for some e > 0. Then, we have
||f− idMn ||cb < 100e
1/4.
Proof. We may assume e < 1. We put P0=PRPC=PCPR and define
fŒ:Mn QMn by
fŒ=f−(PRfPR−PR)−(PCfPC−PC)+(P0fP0−P0)
and we have PRfŒPR=PR, PCfŒPC=PC and ||f−fŒ||cb < 3e. Now, we claim
that
||(1−PR) fŒPR ||cb < 4e1/2 and ||(1−PC) fŒPC ||cb < 4e1/2.
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We only prove the first inequality. We have ||(1−PR) fŒPR ||cb=||;nj=1
(1−PR) fŒ(u1j) é cj ||Mn émin Cn . Identifying Mn émin Cn with Mn(Cn)=Mn2, n,
we see that the element x=;nj=1 (1−PR) fŒ(u1j) é cj ¥Mn2, n is of the form
x=r0n
xŒ
s ,
where 0n is the zero matrix of size n by n and xŒ ¥Mn−1, n(Cn)=M(n−1) n, n.
On the other hand, since PRfŒPR=PR, we have
C
n
j=1
fŒ(u1j) é cj=x+C
n
j=1
u1j é cj=r InxŒs
via the above identification, where In is the identity matrix of size n by n.
Therefore, we have
1+||(1−PR) fŒPR ||2cb=1+||xŒ||2=> Cn
j=1
fŒ(u1j) é cj >2 [ ||fŒ||2cb < (1+3e)2
and we obtain the claim.
We note that (1−P0) fŒP0=(1−PC) fŒPCPR=(1−PR) fŒPRPC since
P0fŒ(u11)=PCfŒ(u11)=PRfŒ(u11)=u11. Hence, defining fœ:Mn QMn by
fœ=fŒ−(1−PR) fŒPR−(1−PC) fŒPC+(1−P0) fŒP0,
we have fœPR=PR, fœPC=PC and ||f−fœ||cb < 15e1/2. We put m=||fœ||cb <
1+15e1/2.
By the fundamental factorization theorem (Theorem 7.4 in [Pa]), there
are a Hilbert space H and a pair of operators {ai}
n
i=1 and {bj}
n
j=1 in
B(an2,H) with ;i agi ai=m=;j bgj bj such that agi bj=fœ(uij) for all i, j.
Then, we have ;j bgj a1ag1bj=;j ug1ju1j=1 and ;j bgj (a1ag1 )2 bj [ m. There-
fore, for
b=rb1x
bn
s and b˜=ra1ag1b1x
a1a
g
1bn
s ,
we have
(b− b˜)g (b− b˜)=C
j
bgj (1−a1a
g
1 )
2 bj [ m−2+m
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and thus ||b− b˜|| [ (2m−2)1/2. Similarly, for
a=ra1x
an
s and a˜=rb1bg1a1x
b1b
g
1an
s ,
we have ||a− a˜|| [ (2m−2)1/2. Consequently, for b=[bij] ¥Mn, we have
||fœ(b)−b||=>C
i, j
bija
g
i bj−C
i, j
bija
g
i b1(a
g
1b1)
g ag1bj >
=||ag(b é IH) b− a˜g(b é IH) b˜||
[ ||a− a˜|| ||b|| ||b||+||a˜g|| ||b|| ||b− b˜||
[ 2m1/2(2m−2)1/2 ||b||
This implies that ||fœ− idMn || [ 2m1/2(2m−2)1/2. In a similar manner, one
can prove that
||fœ− idMn ||cb [ 2m1/2(2m−2)1/2.
Consequently, we have
||f− idMn ||cb [ ||f−fœ||cb+||fœ− idMn ||cb [ (m−1)+2m1/2(2m−2)1/2 < 100e1/4
and we are done. L
We note that, by duality, the analogous statement of this lemma holds
for Sn1. The duality between S
n
1 andMn is defined by
Oa, bP=Tr(a tb)=C
i, j
aijbij
for a=[aij] ¥ Sn1 and b=[bij] ¥Mn. For an operator space V, let Sn1[V]
be the operator space projective tensor product of Sn1 and V, i.e., S
n
1[V] is
isomorphic to Sn1 é V as a linear space and the norm on Sn1[V] is uniquely
determined by the duality Sn1[V]
g=Mn(Vg). In particular, S
n
1[Mg]=
Mn(M)g for a von Neumann algebraM.
The following lemma is useful.
Lemma 4 ([Pi1]). For inclusion V …W of operator spaces, we have
Sn1[V] … Sn1[W]. For a map f: VQW between operator spaces, we have
||f||cb=sup
n
||idSn1 é f: Sn1[V]Q Sn1[W]||.
The following observation is crucial.
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Lemma 5. Let V be a subspace of the predual Mg of a von Neumann
algebra M and let s: VQ Cn be a complete contraction. Then, there are
operators {bj}
n
1 in M with ; bgj bj [ 1 such that
s(g)=C
j
g(bj) cj.
Proof. Since Cn is injective, s extends to a complete contraction
s¯: Mg Q Cn. Letting bj=s¯g(rj), we are done. L
For a technical reason, we need the following lemma which was inspired
from Remark 2.3 in [H].
Lemma 6. Let M be a properly infinite von Neumann algebra and let
{bj}
n
j=1 be operators in M. Suppose that ;j bgj bj [ 1. Then, there are an
isometry t in M and partial isometries {wj}
n
j=1 with ;j wgj wj [ 1 such that
bj=wjt for all j.
Proof. Let aj=b
g
j bj for 1 [ j [ n and an+1=1−;nj=1 aj and let {ej}n+1j=1
be the standard basis of an+1. . We define the corresponding unital comple-
tely positive map j: an+1. QM by j(ej)=aj for all j. By the Wg-Hilbert
module analogue of the Kasparov–Stinespring dilation theorem [K], there
is a unital f-homomorphism p from an+1. to M éb B(a2) such that j(x)=
p(x)11 for all x ¥ an+1. , here p(x)11 means the (1, 1)-entry of p(x). Let
qj=p(ej). We note that qj’s are mutually orthogonal projections. Since M
is properly infinite, we may identify M éb B(a2) with M and find an isome-
try t ¥M so that j(x)=tgp(x) t for all x ¥ an+1. . Since bgj bj=tgqjt, we may
find partial isometries wj ¥M such that wjqjt=bj and wj=wjqj. This
completes the proof. L
Let M be a von Neumann algebra. For f ¥Mg and a, b ¥M, we define
a ·f, f·b and a ·f · b in Mg by
(a ·f)(x)=f(ax), (f · b)(x)=f(xb) and (a ·f · b)(x)=f(axb)
for x ¥M. Obviously, we have ||a ·f · b|| [ ||a|| ||b|| ||f||.
We believe that the following is well-known, but include the proof for
convenience of readers.
Lemma 7. Let M be a von Neumann algebra and let f ¥Mg. Then, for
x ¥M with ||x||=1, we have
||f · (1−xgx)1/2||2 [ ||f||2−|f(x)|2.
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and
||(1−xgx)1/2 ·f||2 [ ||f||2−|f(x)|2.
Proof. We only prove the first inequality. We give ourselves y ¥M with
||y||=1 and put m=f(y(1−xgx)1/2). Let l=mf(x)/| mf(x)| (or l=0
when mf(x)=0) and let t ¥ R be arbitrary. It follows that
||y(1−xgx)1/2+ltx||2 [ ||[y lt]||2 >r (1−xgx)1/2
x
s>2=1+t2
and a fortiori,
|m+ltf(x)|2=|f(y(1−xgx)1/2+ltx)|2 [ ||f||2 (1+t2).
Therefore, we have
(||f||2−|f(x)|2) t2−2 |m| |f(x)| t+||f||2−|m|2 \ 0.
Since t ¥ R was arbitrary, this implies
|m|2 [ ||f||2−|f(x)|2
and we are done. L
Lemma 8. Let f, g ¥Mg and let u ¥M with ||u|| [ 1. Suppose that
||lf+g||2 [ |l|2+1 for any l ¥ C. Then, we have
||(1−uug)1/2 · g · (1−ugu)1/2|| [ 7(1− |f(u)|)1/4.
Proof. We may assume that d=1−|f(u)| [ 0.01. An easy calculation
shows that the assumption implies |g(x)|2 [ 1− |f(x)|2 for any x ¥M with
||x|| [ 1. It follows from Lemma 7 that
|f(u)−f(uugu)| [ ||f · (1−ugu)|| [ 2d1/2.
In particular, we have |f(uugu)| \ 1−3d1/2 and |g(uugu)| [ 3d1/4. Now, we
give ourselves y ¥M with ||y|| [ 1 and put z=(1−uug)1/2 y(1−ugu)1/2. It
follows from Lemma 7 that
|f(z)| [ ||f · (1−ugu)1/2|| [ 2d1/2.
Since ||uugu+z|| [ 1, we have
|g(uugu+z)|2 [ 1− |f(uugu+z)|2 [ 1−(|f(uugu)|− |f(z)|)2 [ 10d1/2.
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Finally, we get
|g(z)| [ |g(uugu+z)|+|g(uugu)| [ 7d1/4
and we are done. L
3. FACTORIAL CASE
In this section, we will prove Theorem 1 in the case when N is a full
matrix algebra Mn. Let {eij: 1 [ i, j [ n} be the standard basis in Sn1. Then,
PgR is a projection of S
n
1 onto the subspace F spanned by {e1j}
n
1. We note
that F is completely isometrically isomorphic to Cn since it is the dual
operator space of Rn.
Proposition 9. For 0 < d < 300−32 and hŒ(d)=(1−300d1/32)−1−1, we
have the following. Let M be a von Neumann algebra and let n ¥N. Let
F … Sn1 be the subspace spanned by {e1j}n1 and let FÄ … Sn1 be the subspace
spanned by {ei1}
n
1. Let h be an isomorphism from S
n
1 into Mg with ||h||cb [ 1,
||(h|F)−1||cb [ 1+d and ||(h|FÄ)−1||cb [ 1+d Then, there is a map r from Mg
onto Sn1 with ||r||cb [ 1+hŒ(d) such that rh=idSn1 .
Proof. Put fij=h(eij). Applying Lemma 5 to the complete contraction
(1+d)−1 (h|F)−1: h(F)Q F=Cn,
we obtain {bj}
n
1 in M with ; bgj bj [ 1 such that f1jŒ(bj)=(1+d)−1 dj, jŒ. By
a similar argument, we obtain {ai}
n
1 in M with ; aiagi [ 1 such that
fiŒ1(ai)=(1+d)−1 di, iŒ. By Lemma 7, we have
|f11(a1a
g
1b1)| \ f11(b1)− ||(1−a1ag1 ) ·f11 || \ (1−2d1/2)(1+d)−1.
We put u=la1a
g
1b1, where l ¥ C with |l|=1 and f(u)=|f11(a1ag1b1)|. In
particular, we have ||(1−uug)1/2 ·f11 || [ 2d1/4.
We replace a1 and b1 by u and still have ; aiagi [ 1, ; bgj bj [ 1 and
f1jŒ(bj)=(1+d)−1 dj, jŒ and fiŒ1(ai)=(1+d)−1 di, iŒ
for 2 [ i, j [ n, 1 [ iŒ, jŒ [ n. Therefore, the map from Mn into M, defined
by
Mn ¦ bW C
i, j
bijaiugbj ¥M
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for b=[bij] ¥Mn, is completely contractive and its dual map k: Mg Q Sn1,
given by
k(g)=C
i, j
g(aiugbj) eij
for g ¥Mg, is also completely contractive. We will show that the complete
contraction kh: Sn1 Q S
n
1 is close to the identity.
By virtue of Lemma 3, we have to show ||PgRkhP
g
R−P
g
R || is small. We
give ourselves s=;nj=2 lje1j with ||s||=1. Let g=h(s)=;nj=2 ljf1j. Since
h is contractive, it follows from Lemma 8 that
||(1−uug)1/2 · g · (1−ugu)1/2|| [ 7(1− |f11(u)|)1/4| [ 14d1/8.
Putting y=;nj=2 l¯jbj, we have g(y)=(1+d)−1. Since ugu [ 1−;nj=2 bgj bj
[ 1−ygy, we have u=z(1−ygy)1/2 for some z ¥M with ||z|| [ 1. Hence, it
follows from Lemma 7 that
||g · u|| [ ||g · (1−ygy)1/2|| [ (1− |g(y)|2)1/2 [ 2d1/2.
Therefore, we get
||g−uug · g|| [ ||(1−uug) · g · ugu||+||(1−uug) · g · (1−ugu)||
[ 2d1/2+14d1/8 [ 16d1/8
and a fortiori
||PgRkhP
g
R(s)−s||=> Cn
j=1
g(uugbj) e1j−(1+d) C
n
j=1
g(bj) e1j+(1+d) g(u) e11 >
[ d+2d1/2(1+d)+> Cn
j=1
(g−uug · g)(bj) e1j >
[ 5d1/2+||g−uug · g|| > Cn
j=1
bgj bj >1/2
[ 21d1/8.
We also have
||PgRkhP
g
R(e11)−e11 ||=> Cn
j=1
f11(uugbj) e1j− C
n
j=1
f11(bj) e1j+(1−f11(u)) e11 >
[ |1−f11(u)|+||f11−uug ·f11 ||
[ 5d1/4.
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Combining these, we get ||PgRkhP
g
R−P
g
R || < 30d
1/8 and similarly
||PgCkhP
g
C−P
g
C || < 30d
1/8.
Now, we are in a position to apply Lemma 3 and obtain ||kh− idSn1 ||cb
< 300d1/32 < 1. Hence, kh is invertible with ||(kh)−1||cb [ 1+hŒ(d) and
r=(kh)−1k is the desired map. This completes the proof. L
4. GENERAL CASE.
In this section, we will prove Theorem 1 and Corollary 2. In general, a
finite dimensional von Neumann algebra N is of the form N=ÁKk=1 Mn(k)
(a.-sum) for some positive integers K and n(1), ..., n(K). Then Ng is of the
form Ng=ÁKk=1Sn(k)1 (a1-sum) and we identify Sn(k)1 with the direct
summand of Ng. By definition, a map f from Ng into an operator space is
completely contractive if and only if so is f|Sn(k)1 for each k. Consult [Pi1,
ER2] for detail.
Proof of Theorem 1. Let d0=600−32 so that hŒ(d) < 1 for 0 < d < d0 and
let h(d)=(1−hŒ(d))−1−1.
Take M, N, d and h as in Theorem 1. Since Mg is embedded into
(M éb B(a2))g completely isometrically, replacing M by M éb B(a2) if
necessarily, we may assume M is properly infinite. We also assume
N=ÁKk=1 Mn(k) and denote the standard basis for Ng=ÁKk=1 Sn(k)1 by
{e (k)ij : 1 [ k [K, 1 [ i, j [ n(k)}. The subspace FN …Ng, spanned by
{e (k)1j : 1 [ k [K, 1 [ j [ n(k)}, is completely isometrically isomorphic to the
a1-sum of column Hilbert spaces Cn(k). Let n=;Kk=1 n(k) and let
{c (k)j : 1 [ k [K, 1 [ j [ n(k)} be the standard basis for Cn. The map from
FN to Cn, sending e
(k)
1j to c
(k)
j , is clearly completely contractive. Hence,
it follows from Lemma 5 that there is a set of operators
{b (k)j : 1 [ k [K, 1 [ j [ n(k)} with ;k, j (b (k)j )g b (k)j [ 1 such that
f (kŒ)1jŒ (b
(k)
j )=(1+d)
−1 dk, kŒdj, jŒ
for all 1 [ k, kŒ [K and 1 [ j [ n(k), 1 [ jŒ [ n(kŒ). Applying Lemma 6,
we find an isometry t in M and partial isometries {x (k)j : 1 [ k [K,
1 [ j [ n(k)} in M with ;k, j (x (k)j )g x (k)j [ 1 such that b (k)j =x(k)j t for all
1 [ k [K and 1 [ j [ n(k). Since the map Mg ¨ gW g · t ¥Mg is com-
pletely isometric, by a similar argument, we may find an isometry s in M
and partial isometries {v (k)i : 1 [ k [K, 1 [ i [ n(k)} with ;k, i v (k)i (v (k)i )g [ 1
such that
(f (kŒ)iŒ1 · t)(s
gv (k)i )=(1+d)
−1 dk, kŒdi, iŒ
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for all 1 [ k, kŒ [K and 1 [ i [ n(k), 1 [ iŒ [ n(kŒ). We put w (k)j =sx(k)j .
Since the map Mg ¨ gW sg · g · t ¥Mg is completely isometric, it suffices to
show sg ·h(Ng) · t is (1+h(d))-completely complemented in Mg. Therefore,
we may assume that s=1=t.
Now, we have partial isometries v (k)i ’s (resp. w
(k)
j ’s) with mutually
orthogonal left (resp. right) supports such that
f (kŒ)iŒ1 (v
(k)
i )=(1+d)
−1 dk, kŒdi, iŒ
for all 1 [ k, kŒ [K and 1 [ i [ n(k), 1 [ iŒ [ n(kŒ) and that
f (kŒ)1jŒ (w
(k)
j )=(1+d)
−1 dk, kŒdj, jŒ
for all 1 [ k, kŒ [K and 1 [ j [ n(k), 1 [ jŒ [ n(kŒ). Letp (k)=;n(k)j=1 v (k)j (v (k)j )g
and let q (k)=;n(k)j=1 (w (k)j )g w (k)j . We define, for each k, a completely con-
tractive projection F (k): Mg QMg by F (k) (g)=p(k) · g · q (k).
We will apply, for each k, Proposition 9 to the complete contraction
F (k)h|Sn(k)1 . Indeed, if F
(k) … Sn(k)1 is the subspace spanned by {e (k)1j : 1 [ j [
n(k)} and s (k): Mg Q F (k) is a complete contraction defined by s (k)(g)=
;j g(w(k)j ) e (k)1j , then we have s (k)F (k)h|F(k)=(1+d)−1 idF(k) and a fortiori
||(F (k)h|F(k))−1||cb < 1+d. Therefore, it follows from Proposition 9 that there
is a left inverse r (k): Mg Q S
n(k)
1 of F
(k)h|Sn(k)1 with ||r
(k)||cb [ 1+hŒ(d).
Let k=;k r (k)F (k) be a map from Mg to Ng. Since F (k)’s have mutu-
ally disjoint supports, we have ||k||cb [ 1+hŒ(d). It can be seen that
||(kh− idNg )|Sn(k)1 ||cb [ hŒ(d) for each k and a fortiori that ||kh− idNg ||cb [
hŒ(d) < 1. Therefore, kh is invertible and h(kh)−1 k is the desired projec-
tion. This completes the proof. L
The proof of Corollary 2 proceeds in the same way to that of Alspach
and Johnson. The proof of the following is almost same as that of Theorem 1
in [AJ] and we omit the proof. We just note that there is a projection
P: MgQMg such that
||y||Sn1[Mg]=||(idSn1 é P)(y)||Sn1[Mg]+||y−(idSn1 é P(y))||Sn1[Mg]
for all positive integers n and y ¥ Sn1[Mg].
Lemma 10. There is a function g: (1, 2)Q R+ with limlQ 1 g(l)=0
satisfying the following properties. If V is a subspace of the predual Mg of a
von Neumann algebra M and there is a map Q from Mg into Vgg so that
Q|V=idV and ||Q||cb < 2, then there is a projection R from Mg onto V with
||R||cb [ 1+g(||Q||cb).
Now, the proof of Corollary 2 is immediate.
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Proof of Corollary 2. We take d1 > 0 small enough so that d1 < d0 and
that h(d) < 2 for all 0 < d < d1. Let h1(d)=g(1+h(d)).
Suppose now that V is an OL1, 1+d subspace of Mg with 0 < d < d1. By
definition, there is a directed family {Fi}i ¥ I of subspaces of V with dense
union such that each Fi is (1+d)-completely isomorphic to the predual of
some finite dimensional von Neumann algebra. It follows from Theorem 1
that there is a projection pi from Mg onto Fi with ||pi ||cb [ 1+h(d). If
Q: Mg Q Vgg is a cluster point of the net {pi}i ¥ I in the point weakg-
topology, then we have ||Q||cb [ 1+h(d) and Q|V=idV. Hence, we obtain
the desired projection by Lemma 10 and we are done. L
5. CONCLUDING REMARKS.
There are several generalizations of Lemma 3. One may ask if the anal-
ogous statements hold for Snp with p ] 2 in the category of operator spaces
(resp. Banach spaces). These generalizations might be useful to prove the
operator space analogue of Schechtman’s theorem [S] on almost isometric
embeddings between Lp-spaces or to solve Arazy’s problem [Ar] on almost
(not necessarily completely) isometric embeddings between noncommuta-
tive L1-spaces.
Dor [D] proved that almost isometric embedding of a1 into L1[0, 1] can
be perturbed to an isometric one. The author could not find an operator
space analogue of this, but he believes there is. Indeed this belief is sup-
ported by a result of Ng and the author [NO] which states that separable
OL1, 1+-spaces are isometrically isomorphic to preduals of injective von
Neumann algebras and a fortiori are rigid OL1, 1+-spaces. The part that
preduals of injective von Neumann algebras are rigid OL1, 1+-spaces was
proved by Effros and Ruan [ER1] and the proof is heavily relied on clas-
sification of injective von Neumann algebras. Here, an operator space V is
called a rigid OL1, 1+-space if for every finite dimensional subspace E … V
and e > 0, there is a completely isometric embedding T of the predual Ng
of a finite dimensional von Neumann algebra N into V such that
dist(x, T(Ng)) < e ||x|| for any x ¥ E.
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